Abstract. For links with vanishing pairwise linking numbers, the link components bound pairwise disjoint surfaces in B 4 . In this paper, we describe the set of genera of such surfaces in terms of the h-function, which is a link invariant from Heegaard Floer homology. In particular, we use the h-function to give lower bounds for the 4-genus of the link. For L-space links, the h-function is explicitly determined by Alexander polynomials of the link and sublinks. We show some L-space links where the lower bounds are sharp, and also describe all possible genera of disjoint surfaces bounded by such links.
Introduction
Let L = L 1 ∪L 2 · · ·∪L n be an oriented n-component link in S 3 with all linking numbers 0. Recall that a link bounds disjointly embedded surfaces in B 4 if and only if it has vanishing pairwise linking numbers. The 4-genus of L is defined as:
If L is a knot, the 4-genus is also known as the slice genus. Powell, Murasugi and Livingston showed lower bounds for the 4-genera of links in terms of the Levine-Tristram signatures, see [9, 10, 18] . Rasmussen defined the h-function (as an analogue of the Frøyshov invariant in Seiberg-Witten theory) for knots, and used it to obtain nontrivial lower bounds for the slice genus of a knot [19, 20] . We generalize Rasmussen's result and obtain lower bounds for the 4-genera of links with vanishing pairwise linking numbers. The h-function for links was introduced by Gorsky and Némethi [3] . It is closely related to d-invariants of large surgeries on links. For details, see Section 2. We obtain lower bounds for the 4-genera of links in terms of the h-function. When the link has one component, we recover the lower bound for the slice genus given by Rasmussen. Here is our main result:
be an oriented link with vanishing pairwise linking numbers. Assume that the link components L i bound pairwise disjoint, smoothly embedded surfaces Σ i ⊆ B 4 of genera g i . Then for any v = (v 1 , · · · , v n ) ∈ Z n ,
where h(v) is the h-function of L, and f g i : Z → Z is defined as follows: The proof of Theorem 1.1 is inspired by Rasmussen's argument for knots [20] . We construct a non-positive definite Spin c -cobordism from large surgeries on the link to the connected sum of circle bundles over closed, oriented surfaces of genera g i . Ozsváth and Szabó proved the d-invariant inequality for a negative definite Spin c -cobordism between rational homology spheres [11] . The d-invariant was generalized to standard 3-manifolds, and Rasmussen proved the d-invariant inequality for a non-positive definite Spin c -cobordism between standard 3-manifolds [6, 20] (see Subsection 2.2). We apply the result, and obtain the inequality between the d-invariants of large surgeries on the link and d-invariants of circle bundles. By using the h-function of the link to compute d-invariants of large surgeries, we prove the inequality.
The idea of the proof goes as follows: the 4-genus for the slice link L is 0. By Theorem 1.1, the h-function is identically 0. We compute the dual Thurston polytope of L by using the properties of L-space links and prove that L is an unlink. For details, see Subsection 3.2.
As an application of the inequality in Theorem 1.1, we can compare the following two sets. Let (g 1 + · · · + g n ). By Theorem 1.1,
If L is an L-space link (see Definition 2.16), the h-function is explicitly determined by Alexander polynomials of the link and sublinks [1, Section 3.3] . We can describe the set G HF (L) in terms of Alexander polynomials explicitly (see Lemma 2.19 ). Moreover, let p i , q i be coprime positive integers where 1 ≤ i ≤ n, and let L (p i ,q i ) denote the (p i , q i )-cable of L i . Then the link L cab = L (p 1 ,q 1 ) ∪ · · · ∪ L (pn,qn) is also an L-space link if q i /p i is sufficiently large for each 1 ≤ i ≤ n, [1, Proposition 2.8] . For example, let L denote the 2-bridge link b(4k 2 + 4k, −2k − 1) which is an L-space link [7] . Then for sufficiently large surgery coefficients, L cab is also an L-space link, and G(L cab ) = G HF (L cab ) is shown as in Figure 1 . For details, see Section 4. Figure 1 . The set G(L cab ) for the cable link
Organization of the paper. In Subsection 2.1 and Subsection 2.2, we review the definitions of the h-function for links in S 3 and the d-invariants for standard 3-manifolds. In Subsection 2.3, we review the definition of L-space links, and the explicit formula to compute the h-function in terms of the Alexander polynomials of the link and sublinks. In Subsection 2.4, we review the Heegaard Floer link homologies of L-space links. In Section 3, we prove Theorem 1.1, Theorem 1.3, and give some lower bounds for the 4-genera of links. In Section 4, we show some examples of L-space links including the 2-bridge links b(4k 2 + 4k, −2k − 1) where k is some positive integer, and prove that G(L) = G HF (L) in these examples. Then the 4-genus is determined by the Alexander polynomials. We also show the proof of Proposition 1.4.
Notations and Conventions. In this paper, all the links are assumed to be oriented. We use L to denote a link in S 3 , and L 1 , · · · , L n to denote the link components. Then L 1 and L 2 denote different links in S 3 , and L 1 and L 2 denote different components in the same link. We denote vectors in the n-dimension lattice Z n by bold letters. For two
Let e i denote a vector in Z n where the ith-entry is 1 and other entries are 0. For a subset B ⊂ {1, · · · , n}, let e B = i∈B e i . Similarly, we use
Throughout this paper, we work over the field F = Z/2Z.
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The link homology HF L − is defined as the homology of the associated graded complex:
The complex A − (L, s) is a finitely generated module over the polynomial ring
where the action of U i drops the homological grading by 2 and drops the i-th filtration A i by 1 [16] . Hence, [3, 16] .
By the large surgery theorem [8] , the homology of A − (L, s) is isomorphic to the Heegaard Floer homology of a large surgery on the link L equipped with some Spin c -structure as a F[U ]-module [8] . Then the homology of A − (L, s) consists of the free part which is a direct sum of one copy of F[U ] and some U -torsion. 
For an n-component link L with vanishing pairwise linking numbers,
where O denotes the unlink with n components, and s ∈ Z n . Recall that for split links L,
For the rest of this subsection, we use L = L 1 ∪ · · · ∪ L n ⊂ S 3 to denote links with vanishing pairwise linking numbers. Consider the set
We obtain the following properties of the set G HF (L).
Proof. This is straightforward from Lemma 2.3.
Proof. For an oriented link L, there exists a natural forgetful map
Conversely, if s\s i ∈ G HF (L\L i ), and s i is sufficiently large, then H L (s) = H L\L i (s\s i ) = 0, which implies that s ∈ G HF (L).
Lemma 2.7. The set G HF (L) is determined by the set of maximal lattice points and
Proof. We claim that x / ∈ G HF (L) if and only if either x z for some maximal lattice
by Lemma 2.4 and Lemma 2.5, which contradicts to the assumption.
For the "only if" part, assume that x / ∈ G HF (L) and
It suffices to find a maximal lattice point z such that x z. If H L (x + e i ) = 0 for all i, we let z = x. Otherwise, suppose H L (x + e i ) = 0 for some 1 ≤ i ≤ n. There exists some constant t i such that H L (x + t i e i ) = 0, and
Otherwise, we repeat this process. The process stops after finite steps. Thus, there exists a maximal lattice point z such that x z. . Equivalently, the d-invariant of (M, s) is the maximum grading of x ∈ HF − (M, s), which has a nontrivial image in HF ∞ (M, s).
We define standard 3-manifolds following [11, Section 9]:
Let M 1 and M 2 be a pair of oriented closed 3-manifolds equipped with Spin c -structures s 1 and s 2 respectively. There is a connected sum formula for the Heegaard Floer homology [13, Theorem 6.2] : 
, and its image under the map π :
Definition 2.10. For a standard 3-manifold M equipped with a torsion Spin c -structure s,
Given rational homology spheres Y 1 , Y 2 and a negative definite Spin c -cobordism
to the degree shift of the cobordism [11] . Rasmussen generalized this inequality for nonpositive definite Spin c -cobordisms from rational homology spheres to standard 3-manifolds [20] .
Proposition 2.11. [20] Suppose that W is a connected cobordism from closed, oriented and connected 3-manifolds
Let s be a Spin c -structure on W whose restriction s i to Y i is torsion. Then
where the degree of
can be computed in terms of the H-function of the link by the large surgery theorem [8] . Choose a framing vector q = (q 1 , · · · , q n ) where q 1 , · · · , q n are sufficiently large. Let Λ denote the linking matrix where Λ ij is the linking number of L i and L j when i = j, and Λ ii = q i .
Attach n 2-handles to the 4-ball
is a rational homology sphere with 
Fix ζ = (ζ 1 , · · · , ζ n ), a small real vector whose entries are linearly independent over Q. Let P (Λ) be the hyper-parallelepiped with vertices
where all combinations of the signs are used and Λ 1 , · · · , Λ n are column vectors of the matrix Λ. Denote
where H(L) is the lattice for L.
Remove a ball B 4 from the 2-handlebody W . We obtain a Spin c -cobordism U from (S 3 , s 0 ) to (S 3 q (L), s v ). By reversing the orientation of U, we obtain a Spin c -cobordism U equipped with the Spin c -structure
Theorem 2.14.
, the d-invariant of a large surgery with surgery coefficients q on L is given by
, where degF U ,tv is the grading shift of the cobordism U with Spin c -structure t v . It does not depend on the link, but depends on the linking matrix Λ. In terms of the large surgery, Gorsky and Némethi defined L-space links in [3] .
. By Equation (2.1) and the inclusionexclusion formula, one can write [1] :
The Euler characteristic χ(HF L − (L, s)) was computed in [16] :
where s = (s 1 , · · · , s n ), and
The H-function of an L-space link is determined by the Alexander polynomials of its sublinks as follows:
Remark 2.18. For L-space links with two components, the explicit formula for the Hfunction can also be found in [7] .
Consider L-space links L with vanishing pairwise linking numbers. The set G HF (L) can also be described in terms of Alexander polynomials of the link and sublinks.
Lemma 2.19. For an n-component L-space link L ⊆ S 3 with vanishing pairwise linking numbers, s ∈ G HF (L) if and only if for all y = (y 1 , · · · , y n ) s, the coefficients of t
Proof. For the "if " part, observe that χ(HF L − (L, y)) = 0 and χ(HF L − (L\L B ), y\y B ) = 0 for all y s and B ⊂ {1, · · · , n} by Equation (2.3). Then H L (s) = 0 by Theorem 2.17, and s ∈ G HF (L). For the "only if " part, suppose that s / ∈ G HF (L). By Lemma 2.7, either there exists a maximal vector z / ∈ G HF (L) such that s z or there exists some 
If L is an L-space link, there exist spectral sequences converging to HF L − (L) and HF L(L) respectively [2, 3] . 
where the differential in E 1 is induced by inclusions.
Remark 2.21. Precisely, the differential ∂ 1 in the E 1 -page is
where z(s − e B ) denotes the unique generator in H * (A − (L, s − e B )) with the homological grading −2H(s − e B ). 
There is a nice symmetric property of HF L(L) proved by Oszváth and Szabó [15] : 
We obtain a 2-handlebody W with boundary ∂W = S 3 −p 1 ,··· ,−pn (L) which is the 3-manifold obtained by doing surgery along L 1 , L 2 , · · · , L n with surgery coefficients −p 1 , −p 2 , · · · , −p n respectively. The linking matrix Λ is a diagonal matrix with λ ii = −p i . Observe that det(Λ) = 0, then S 3 −p 1 ,··· ,−pn (L) is a rational homology sphere. Let Σ i be the closed surface in W which is the union of Σ i and the core of the 2-handle attached along L i . Then Σ i are also pairwise disjoint. Observe that W is homotopy equivalent to the wedge of n copies of S 2 . Thus, 
Proof. For the circle bundle B −m , we have the following long exact sequence by using the Leray sequence:
where e is the Euler class. Then we compute that
Thus, H 1 (B −m ) ∼ = Z 2g and we have the following short exact sequence:
Since Z 2g is free, the exact sequence splits and
The circle bundle B −m is oriented and closed, so
Lemma 3.2. Suppose that M 1 and M 2 are closed, connected and oriented smooth ndimensional manifolds. Then
, for i = 0 and n,
Corollary 3.3. The cohomology of # n i=1 B −p i is as follows:
and
For the cobordismX, its second cohomology has the following form:
Proof. We use the Mayer-Vietoris sequence to compute the cohomology ofX. Observe that W is the union ofX and boundary connected sum D, and the intersection ofX and D is # n i=1 B −p i . Then we have the following long exact sequence:
We claim that H 1 (X) = 0. Let j * :
by the Poincare duality. Each generator in H 1 (Σ i ) is represented by a simple closed curve in Σ i . The curve along with its circle fiber is a generator in H 2 (B −p i ). Thus H 1 (Σ i ) ∼ = H 2 (B −p i ). Therefore, j * is an isomorphism and H 1 (X) = 0. We have the following short exact sequence:
is represented by the surface Σ i and it corresponds to the generator of
Remark 3.5. From the computation in the proof, χ(X) = 2g 1 + · · · 2g n .
Proposition 3.6. The intersection form Q:
Proof. For two elements s, t ∈ H 2 (X)/T or ∼ = H 2 (X), Q(s, t) = s, PD(t) wheres is the image of s under the map p * : H 2 (X) → H 2 (X, ∂X) induced by the projection and PD(t) ∈ H 2 (X, ∂X). By Proposition 3.4, the map i * : H 2 (∂X) → H 2 (X) induced by the inclusion is surjective. Then p * = 0 by the long exact sequence of homology. Hence,s = 0 and Q(s, t) = 0. Therefore the intersection form Q vanishes inX.
Corollary 3.7. The signature σ(X) = 0.
, and the restriction map to H 2 (S 3 −p 1 ,··· ,−pn (L)) is the projection onto the torsion factors. For s = (s 1 , · · · , s n ) ∈ Z n /Z n Λ, it corresponds to a Spin c -structure s on S 3 −p 1 ,··· ,−pn (L) which can be extended to W by Proposition 2.13. We denote its restrictions toX and # n i=1 B −p i both by s . Moreover, we let s i denote the restriction of the Spin c -structure onX to B −p i . By an argument similar to the one in [20, Lemma 3.1], we have c 1 (s i ) = 2s i .
Rasmussen proved that each circle bundle B −p i is standard since
where s i is a torsion Spin c -structure on B −p i and s 0 is the unique torsion Spin c -structure on # 2g (S 1 × S 2 ) [20] . Thus HF ∞ (# n i=1 B −p i , s ) is also standard, and by the additivity property of the d-invariants [6, Proposition 4.3],
Next, we can use Proposition 2.11 to prove the following d-invariant inequality:
Proof. The argument is similar to the one in [20, Lemma 3.3] . Consider the map F + X,s :
This map is U -equivariant and agrees with F ∞ X,s in high degrees, which implies that it takes π(HF ∞ (S 3
] is the element with the lowest absolute grading, we must have
shifts the absolute grading by
by reversing the orientation. For any s ∈ Z n , choose sufficiently large p i 0 so that s ∈ P H (Λ). Let s denote the Spin c -structure on S 3 −p 1 ,··· ,−pn (L) corresponding to s. By Theorem 2.14
where H L * is the H-function of L * . Let O denote the unlink with n components. Similarly, we have 
where Proof of Theorem 1.1: By Proposition 3.8 and Proposition 3.9,
For lens spaces, our orientation convention is the one used in [20] , namely, that −p surgery on the unknot produces the oriented space L(p, 1).
, and
Hence,
The surfaces Σ i bounded by L i are pairwise disjoint. Then the corresponding link components of the mirror link L * bound the mirrors of Σ i which have the same genera as
Proof. Suppose that the link components of L bound pairwise disjoint surfaces in B 4 of genera
Definition 3.11. An oriented n-component link L ⊂ S 3 is (smoothly) slice if there exist n disjoint, smoothly embedded disks in B 4 with boundary L. 
Let K = {1, · · · , n} \ {j}, and 
. Thus E 2 = 0, and the spectral sequence collapes at
We also have HF L(L, v) = 0 if there exists v j > 0 by the spectral sequence in Proposition 2.22. By the symmetric property [15] , 
Proof. This is straightforward from Corollary 3.10
Corollary 3.14. Let g 4 (L i ) denote the 4-genus of the link component L i . Then
Proof. Suppose that L bound pairwise disjoint surfaces Σ i in B 4 of genera g i . Then
For the rest of the subsection, we prove that the analogues of Lemma 2.4, Lemma 2.5 and Lemma 2.7 hold for the set G(L). For an oriented link L with vanishing pairwise linking numbers, we use the cancellation process to find pairwise disjoint surfaces in B 4 bounded by L. Let Σ i ⊂ S 3 denote a Seifert surface bounded by L i . Then Σ i and Σ j intersect transversely at even number of points in B 4 since the linking number equals 0. We remove the tubular neighborhoods of a positive crossing and a negative crossing in Σ i and obtain a new surface with two punctures. Add a tube along an arc in Σ j which connects the two intersection points to the punctured surface where the attaching circles are boundaries of these two punctures, as in Figure 2 . Then we obtain a new surface Σ i with fewer intersection points with Σ j and higher genus compared with Σ i . The tube can also be attached to the surface Σ j along an arc connecting the intersection points in Σ i . We repeat the process until we get pairwise disjoint surfaces in B 4 bounded by L. We call the process of adding tubes to eliminate intersection points as cancellation process. 
of genera g i and ∂Σ i = L i . We can attach tubes to the surfaces Σ i to increase the genera. Thus y ∈ G(L) if y g.
Proof. If g ∈ G(L), it is easy to obtain that g\g i ∈ G(L\L i ). Conversely, if g\g i ∈ G(L\L i ), for sufficiently large g i 0, we claim that g ∈ G(L). Suppose that L \ L i bounds pairwise disjoint surfaces Σ j in B 4 . Let Σ i in S 3 denote a Seifert surface bounded by L i . Then Σ i intersects with Σ j transversely at even number of points in B 4 since the linking number equals 0. By the cancellation process, we add tubes to Σ i until the new surface is disjoint from all the surfaces Σ j . Thus for sufficiently large g i , g ∈ G(L). [7] , and both link components are unknots, see Figure 3 . The Alexander polynomial of L k is computed in [7, Section 3] , The H-function of L k is computed in [7, Proposition 6.12] . Then the h-function of L k is shown in Figure 4 , where h(k, 0) = 0, and h(k − 1, 0) = 1. For the shaded area bounded by the "stairs", the h-function is nonzero, and h(s) = 0 for all lattice points s on the "stairs" and outside of the shaded area in Figure 4 . Thus, G HF (L) consists of all the lattice points on the "stairs" and outside the shaded area in the first quadrant. By the inequality (3.3),
Observe that the components of L k bound disks D 1 and D 2 in S 3 . Push the disks into B 4 . Then they intersect transversely at 2k points in B 4 . By the cancellation process of crossings, we obtain disjoint surfaces Σ 1 and Σ 2 in B 4 bounded by the link components. Assume that the genus of Σ 1 is k and Σ 2 is still a disk of genus 0. Then g 4 (L k ) ≤ k. Thus, g 4 (L k ) = k. We can add tubes to either D 1 or D 2 in the cancellation process. Thus, for all g = (g 1 , g 2 ) with g 1 + g 2 = k, we find disjoint surfaces in B 4 of genera g 1 , g 2 , respectively. 
is a 3-component L-space link with vanishing pairwise linking numbers [7] . Its Alexander polynomial equals
Each [7] . Its Alexander polynomial equals
2 ). The h-function in the first quadrant is shown as in Figure 5 by Equation (2.4) or the formula in [7] . Then the shaded area is G HF (L) and g 4 (L) ≥ 2.
Observe that the right-handed trefoil and the unknot bound Seifert surfaces of genera 1 and 0 respectively in S 3 . They intersect transversely at two points in B 4 . By the cancellation process, we can obtain disjoint surfaces of genera (2, 0) or (1, 1) bounded by the link. Thus, g 4 (L) = 2, and G(L) = G HF (L). 
Proof. Suppose that L 1 has n 1 components and L 2 has n 2 components. If g 1 ∈ G(L 1 ) and 
where T : Z n → Z n is defined as 
If L is a knot, we should replace the Alexander polynomials by ∆ L (t)/(t − 1). Then
) + ((p 1 q 1 − q 1 )/2, · · · , (p n q n − q n )/2) for any s ∈ Z n . We claim that the coefficients of t Conversely, suppose y ∈ G HF (L cab ). If y = T (s) for some s ∈ Z n , by Lemma 2.19 and the claim, s ∈ G HF (L). If y is not in the image of T , then there exists s ∈ Z n such that y T (s) and y ≺ T (y) for all y s. We claim that s ∈ G HF (L). If there exists y s such that the coefficient corresponding to y in∆ L (t 1 , · · · , t n ) is not 0, then the coefficient corresponding to T (y) in∆ L cab (t 1 , · · · , t n ) is also not 0 which contradicts to our assumption. Similarly, we prove that for all subsets B ⊂ {1, · · · , n} and all y s, the coefficients corresponding to y \ y B in∆ L\L B (t i 1 , · · · , t i k ) are all 0. By Lemma 2.19, s ∈ G HF (L). Thus, G HF (L cab ) = {u ∈ Z n | u T (s) for some s ∈ G HF (L)}.
Lemma 4.7. For such cable links L cab , G(L cab ) ⊃ {u ∈ Z n | u T (g) for some g ∈ G(L)} .
Proof. Suppose that the link components in L bound pairwise disjoint surfaces Σ i in B 4 of genera g i . The cable knot L (p i ,q i ) bounds a surface of genus p i g i + (p i − 1)(q i − 1)/2. We start with p i copies of Σ i and use (p i − 1)(q i − 1) half-twisted bands to connect them. Since Σ i are pairwise disjoint, the new surfaces are also pairwise disjoint.
Proof of Proposition 1.4: Let G = {u ∈ Z n | u T (g) for some g ∈ G(L)}. Let W h p,q denote the link consisting of the (p, q)-cable on one component of the Whitehead link and the unchanged second component. The linking number is 0, and W h p,q is an L-space link if p, q are coprime with q/p ≥ 3, [1] .
By Proposition 1.4, the h-function of W h p,q in the first quadrant is shown as in Figure  6 . The shaded area is G HF (W h p,q ) = G(W h p,q ). Thus g 4 (W h p,q ) = g 1 + g 2 = (p − 1)(q − 1)/2 + 1. The link W h p,q bounds disjoint surfaces of genera (p − 1)(q − 1)/2 and 1 as in Figure 6 . The red line denotes the tube attached to the disk bounded by the unknot. 
